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Abstract
In this paper, we study continuous linear operators on spaces of functions analytic on disks in the complex plane having as
eigenvectors the monomials zn whose associated eigenvalues λn are distinct. In particular, we show that under mild conditions,
such a diagonal operator has non-spectral invariant subspaces (that is, closed invariant subspaces which are not the closed linear
span of collections of monomials) if and only if every entire function of a particular growth rate is representable as a generalized
Dirichlet series
∑∞
n=0 bneλnz.
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1. Introduction
A vector x in a complete metrizable vector space X is said to be cyclic for a continuous linear operator T :X →X
on X if the closed linear span of the orbit {T nx: n 0} of x under T is all of X . Operators which have a cyclic vector
are said to be cyclic. A closed subspaceM of X is invariant for T :X →X if T x ∈M whenever x ∈M. The closed
linear span of the orbit of any vector x under T is the smallest closed invariant subspace for T containing x. Hence,
a vector is cyclic for T if and only if the smallest closed invariant subspace for T containing x is all of X .
Cyclic vectors and invariant subspaces of operators on a Hilbert space which are diagonalizable with respect to an
orthonormal basis have been well-studied (see, for instance, Wermer [11], Brown, Shields, and Zeller [1], Sarason [6]
and [7], Scroggs [8], Sibilev [10], and Nikol’ski˘i [4] and [5]). The purpose of this paper is to continue the study of
cyclic vectors and invariant subspaces of the analogous class of operators on spaces of functions analytic on disks in
the complex plane and the entire complex plane.
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of entire functions, and for R > 0, we denote by H(B(0,R)) the vector space of functions analytic on the open ball
B(0,R) with center at the origin of radius R. When endowed with the topology of uniform convergence on compacta,
H(C) and H(B(0,R)) are examples of complete locally convex topological vector spaces.
Any linear map D on H(B(0,R)) or on H(C) having as eigenvectors the monomials zn with associated eigenval-
ues λn is given formally by D :
∑∞
n=0 anzn →
∑∞
n=0 anλnzn. The linear map D defines a continuous linear operator
on H(B(0,R)) if and only if lim sup|λn|1/n  1 (see [2, Proposition 1]). Similarly, the linear map D defines a con-
tinuous linear operator on H(C) if and only if lim sup|λn|1/n < ∞ (see [3, Lemma 1]). In this paper, any operator
on H(B(0,R)) for which there exists a sequence of complex numbers {λn: n 0} for which lim sup|λn|1/n  1 and
D(zn) = λnzn for all n 0 will be called a diagonal operator onH(B(0,R)) having eigenvalues {λn}. Similarly, any
operator on H(C) for which there exists a sequence of complex numbers {λn: n 0} for which lim sup|λn|1/n < ∞
and D(zn) = λnzn for all n 0 will be called a diagonal operator on H(C) having eigenvalues {λn}.
A diagonal operator D on either H(B(0,R)) or on H(C) is known to be cyclic if and only if the eigenvalues {λn}
of D are distinct. In this case, the set of cyclic vectors of D are dense (see [2, Theorem 1] and [3, Proposition 3]).
A necessary conditions for a function f (z) ≡∑∞n=0 anzn to be cyclic for D is that an = 0 for all n 0. The converse is
true, however, if and only if every invariant subspace for D is the closed linear span of some collection {zn: n ∈ N} of
monomials where N is an arbitrary set of non-negative integers (see [2, Theorem 3] and [3, Proposition 5]). Diagonal
operators on either H(B(0,R)) or on H(C) all of whose closed invariant subspaces are of this form are said to admit
spectral synthesis. It follows from an example due to Wolff [12] that there exist cyclic diagonal operators on Hilbert
space which do not admit spectral synthesis (see [1] and [11]). It is not known, however, if there exist cyclic diagonal
operators on H(B(0,R)) or on H(C) which fail spectral synthesis. It is known, however, that any cyclic diagonal
operator D on either H(B(0,R)) or on H(C) admits spectral synthesis whenever the eigenvalues of D are bounded
(see [2, Corollary 1] and [3, Lemma 7]).
The purpose of this paper is to continue the study of invariant subspaces of diagonal operators on H(B(0,R))
and on H(C). The main result of this paper shows that under mild conditions, a cyclic diagonal operator D having
eigenvalues {λn} fails spectral synthesis if and only if for every entire function f , there exists a sequence {bn} of
complex numbers for which f (z) =∑∞n=0 bneλnz. The case D acts on H(C) is addressed in Theorem 5, while the
case D acts on H(B(0,R)) is addressed in Theorems 6 and 7. The analogous result for operators on a Hilbert space
diagonalizable with respect to some orthonormal basis is addressed in Brown, Shields, and Zeller, and is used to
deduce our main result.
The following results giving conditions equivalent for a diagonal operator to admit spectral synthesis is central to
our study and are included here for the convenience of the reader. The case D acts onH(C) is addressed in Theorem 1,
while the case D acts onH(B(0,R)) is addressed in Theorem 2. The analogous result for diagonalizable operators on
a Hilbert space may be found in the paper of Brown, Shields, and Zeller (see [1, Theorem 3, p. 167]) (for a synopsis
of the Hilbert space case, see [3, Lemma 6]).
Theorem 1. Let D be a cyclic diagonal operator onH(C) having eigenvalues {λn}. Then the following are equivalent:
(i) D admits spectral synthesis,
(ii) every entire function f (z) ≡∑∞n=0 anzn with an = 0 for all n 0 is cyclic for D,
(iii) there do not exist sequences {an} and {ln} of complex numbers with an = 0 for all n  0, lim sup|an|1/n = 0,
lim sup|ln|1/n < ∞, and {ln}, not identically zero, such that 0 ≡∑∞n=0 anlnλkn for all k  0,
(iv) there does not exist a sequence {wn} of complex numbers for which lim sup|wn|1/n = 0 and 0 ≡∑∞n=0 wnλkn for
all k  0.
If, in addition, {λn/n: n  1} is bounded, then ∑∞n=0 dneλnz is entire whenever lim sup|dn|1/n = 0 and conditions
(i)–(iv) are equivalent to
(v) there does not exist a sequence {wn} of complex numbers, not identically zero, for which lim sup|wn|1/n = 0 and
0 ≡∑∞n=0 wneλnz for all z in C.
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equivalent:
(i) D admits spectral synthesis,
(ii) every closed invariant subspace for D (other than the empty set and {0}) contains at least one monomial zn for
some n 0,
(iii) every function f (z) ≡∑∞n=0 anzn in H(B(0,R)) with an = 0 for all n 0 is cyclic for D,
(iv) there does not exist a sequence {wn} of complex numbers, not identically zero, for which lim sup|wn|1/n < 1 and
0 ≡∑∞n=0 wnλkn for all k  0.
If, in addition, {λn/n: n 1} is bounded, then∑∞n=0 wneλnz is analytic on the open ball B(0, ) containing the origin
whenever {wn} is a sequence for which lim sup|wn|1/n < 1 where  ≡ [ln(1/ lim sup|wn|1/n)]/[sup{|λn|/n}]. In this
case, conditions (i)–(iv) are equivalent to
(v) there does not exist a sequence {wn} of complex numbers, not identically zero, for which lim sup|wn|1/n < 1 and
0 ≡∑∞n=0 wneλnz for all z in B(0, ).
2. Representing exponentials
In this section, we show that a cyclic diagonal operator D having eigenvalues {λn} for which {λn/n: n  1}
is bounded fails spectral synthesis if and only if various exponential functions eλz are representable as generalized
Dirichlet series
∑∞
n=0 γneλnz. If D acts on the spaceH(C) of entire functions, then lim sup|γn|1/n = 0, while if D acts
on the spaceH(B(0,R)) of functions analytic on an open disc B(0,R), then lim sup|γn|1/n < 1. Analogous results for
cyclic diagonal operators failing spectral synthesis on a Hilbert space may be found in the paper of Brown, Shields,
and Zeller [1, Lemma 4, p. 165] where the coefficients {γn} are only required to be in 1. The case D acts on the space
H(C) of entire functions (Theorem 3 below) may be found in [9, Theorem 2].
Theorem 3. Let D be a cyclic diagonal operator on the space H(C) of entire functions whose eigenvalues {λn} are
such that {λn/n: n 1} is bounded. If D fails spectral synthesis and λ is in ( {λn} )c , the complement of the closure of
the eigenvalues of D, then there exist coefficients {γn} for which lim sup|γn|1/n = 0 and eλz ≡∑∞n=0 γneλnz on C. Con-
versely, if eλz ≡∑∞n=0 γneλnz on some non-empty open disc B(0, r) where λ = λn for all n 0 and lim sup|γn|1/n = 0,
then D fails spectral synthesis.
The analogous result (Theorem 4 below) for cyclic diagonal operators on H(B(0,R)) failing spectral synthesis is
somewhat less satisfying in that we only conclude eλz =∑∞n=0 γneλnz on some neighborhood B(0, ) of the origin as
opposed to holding on all of C or on B(0,R).
Theorem 4. Let D be a cyclic diagonal operator on the space H(B(0,R)) of functions analytic on the open disc
B(0,R) of radius R whose eigenvalues {λn} are such that {λn/n: n 1} is bounded. If D fails spectral synthesis and
λ is in ( {λn} )c , the complement of the closure of the eigenvalues of D, then there exist coefficients {γn} for which
lim sup|γn|1/n < 1 and eλz ≡∑∞n=0 γneλnz on B(0, ) where  ≡ [ln(1/ lim sup|wn|1/n)]/[sup{|λn|/n}]. Conversely,
if eλz ≡∑∞n=0 γneλnz on some non-empty open disc B(0, r) where λ = λn for all n 0 and lim sup|γn|1/n < 1, then
D fails spectral synthesis.
Proof. Suppose D fails spectral synthesis. Since {λn/n: n  1} is bounded, by Theorem 2(v), there exist co-
efficients {wn}, not identically zero, for which lim sup|wn|1/n < 1 and 0 ≡∑∞n=0 wneλnz on B(0, ) where  ≡
ln(1/ lim sup|wn|1/n)/ sup{|λn|/n}. Since λ ∈ ( {λn} )c , {1/(λn − λ)} is bounded. Hence by Corollary 1 of [2], the di-
agonal operator having distinct eigenvalues {1/(λn − λ)} admits spectral synthesis. Since lim sup|wn/(λn − λ)|1/n =
lim sup|wn|1/n < 1, it follows from Theorem 2(iv) that∑∞n=0 wn/(λn − λ)k is not zero for all k  0. So there exists a
non-negative integer k for which 0 =∑∞n=0 wn/(λn − λ)k . However, 0 ≡
∑∞
n=0 wneλnz and so upon setting z = 0, we
see that 0 =∑∞n=0 wn. Hence there exists a positive integer j for which 0 =
∑∞
n=0 wn/(λn −λ)j . Denote by jˆ  1 the
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∑∞
n=0(λn − λ)k ·
[wn/(λn − λ)jˆ ] = 0 by definition of jˆ , and for k > jˆ ,∑∞n=0(λn − λ)k · [wn/(λn − λ)jˆ ] =
∑∞
n=0 wn(λn − λ)k−jˆ = 0
since 0 ≡∑∞n=0 wnλkn for all k  0 by Theorem 2(iv). That is
∑∞
n=0(λn − λ)r · [wn/(λn − λ)jˆ ] = 0 for all r  1.
Define γn ≡ wn/[α(λ)(λn − λ)jˆ ] for all n  0. We have that 1 = ∑∞n=0 γn by definition of α(λ) and that
λr = ∑∞n=0 γnλrn for all r  1 by induction. Since lim sup|γn|1/n = lim sup|wn|1/n < 1, the function g(z) ≡
eλz −∑∞n=0 γneλnz is analytic on B(0, ). By the Dominated Convergence Theorem, we have that
∑∞
n=0 γneλnz =∑∞
n=0 γn ·
∑∞
k=0(λnz)k/k! =
∑∞
k=0 zk(
∑∞
n=0 γnλkn)/k! on B(0, ). Hence g(r)(0) = λr −
∑∞
n=0 γnλrn = 0 for all r  0.
That is, g ≡ 0, whence eλz ≡∑∞n=0 γneλnz, on B(0, ).
Conversely, suppose that eλz ≡ ∑∞n=0 γneλnz on some non-empty open disc B(0, r) where λ = λn for all
n  0 and lim sup|γn|1/n < 1. Upon dividing by eλz, we see that 1 = ∑∞n=0 γne(λn−λ)z. Since {λn/n: n  1}
is bounded and lim sup|γn|1/n < 1, by the Dominated Convergence Theorem, we have that ∑∞n=0 γne(λn−λ)z =∑∞
n=0 γn(
∑∞
k=0[(λn − λ)z]k/k!) =
∑∞
k=0 zk(
∑∞
n=0 γn(λn − λ)k)/k! whenever |z| < min{r, [ln(1/ lim sup|γn|1/n)]/
[2 sup(|λn|/n)]}. Hence 0 ≡ (d/dz)1 = (d/dz)∑∞n=0 γne(λn−λ)z =
∑∞
j=0 zj (
∑∞
n=0 γn(λn − λ)j+1)/j ! and so 0 ≡∑∞
n=0 γn(λn − λ)r for all r  1. Define wn ≡ γn(λn − λ) for all n  0. Since the γn are not all zero, the wn are
not all zero, and since {λn/n: n  1} is bounded, it follows that lim sup|wn|1/n = lim sup|γn|1/n < 1. Moreover,
0 ≡∑∞n=0 γn(λn − λ)r for all r  1, and so 0 ≡
∑∞
n=0 wn(λn − λ)k for all k  0. Hence by Theorem 2(iv), D − λ
fails synthesis. But D and D − λ have the same set of closed invariant subspaces and so D fails synthesis. The result
follows. 
3. Representing systems
In this section, we use a result of Brown, Shields, and Zeller and the results in Section 2 to show that under mild
conditions, a cyclic diagonal operator D having eigenvalues {λn} fails spectral synthesis if and only if every entire
function of a particular growth rate is representable as a generalized Dirichlet series
∑∞
n=0 γneλnz. In this case, we say
that {eλnz} is a representing system for this collection of entire functions. We begin with the case D acts on the space
H(C) of entire functions.
Theorem 5. Let D be a cyclic diagonal operator onH(C) whose eigenvalues {λn: n 0} are such that {λn} = C and
{λn/n: n 1} is bounded. Define τ to be the supremum of the radii of all open balls contained in ( {λn} )c . Then D
fails spectral synthesis if and only if for every entire function f of exponential type less than τ , there exists a sequence
{bn} of complex numbers for which lim sup|bn|1/n = 0 and f (z) =∑∞n=0 bneλnz on C.
Proof. Suppose that D fails spectral synthesis and let f be an arbitrary entire function of exponential type τf less
than τ . By definition of τ , there exists a complex number w0 and positive number  > τf such that the closure of
the open ball B(w0, ) with center w0 and radius  is in ( {λn} )c , the complement of the closure of {λn}. Since D
fails synthesis, by Theorem 1(iv) there exists a nontrivial sequence {wn} for which 0 ≡∑∞n=0 wnλkn for all k  0 and
lim sup|wn|1/n = 0.
The function R(z) ≡∑∞n=0 wn/(λn − z) is analytic on B(w0, ). By means of contradiction, assume that R(z) ≡ 0
on B(w0, ). Then 0 ≡ R(j)(z) on B(w0, ) for all j  0. In particular, 0 ≡ R(j)(w0) =∑∞n=0[wn/(λn − w0)]/
(λn − w0)j for all j  0. Hence the diagonal operator T having bounded eigenvalues {1/(λn − w0)} fails spectral
synthesis by Theorem 1(iv), contradicting Lemma 7 of [3]. Hence R(z) is not identically zero on B(w0, ) and so has
at most countably many zeros on B(w0, ). In view of which, there exists a positive number r ∈ (τf , ) for which
R(reiθ ) = 0 for all θ . Since R(z) is uniformly continuous on B(w0, ), there exist positive constants r1 and r2 with
0 < r1 < r < r2 <  for which inf{|R(z)|: r1  |z| r2} ≡ δ > 0.
Let {λ˜k} be any sequence of distinct complex numbers in the annulus A(w0, r1, r) with center w0 having inner
radius r1 and outer radius r whose non-tangential cluster set (see [1, p. 167] for the definition of non-tangential
cluster set) contains almost all points of the circle ∂B(w0, r) with center w0 and radius r and which accumulate
only on ∂B(w0, r). Define λˆk ≡ (λ˜k − w0)/r for all k  0. Then the sequence {λˆk} has no limit points in the
open ball B(0,1) and has non-tangential cluster set containing almost all points of the unit circle ∂B(0,1). Hence
by [1, Theorem 3(iv), p. 167 and Corollary 1, p. 176] for every entire function F of exponential type less than
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ponential type τf < r , F(z) ≡ e−w0/rf (z/r) is an entire function of exponential type less than one. Hence there
exist coefficients {ck} ∈ 1 for which F(z) =∑∞k=0 ckeλˆkz on C. That is, e−w0/rf (z/r) = F(z) =
∑∞
k=0 ckeλˆkz =∑∞
k=0 cke(λ˜k−w0)z/r = e−w0/r
∑∞
k=0 ckeλ˜kz/r on C whence f (w) =
∑∞
k=0 ckeλ˜kw on C.
Since {λn/n: n  1} is bounded, we have for each k  0 that eλ˜kz =∑∞n=0 γn,keλnz by Theorem 2 of [9]. Inter-
changing the order of summation, we see f (w) =∑∞k=0 ckeλ˜kw =
∑∞
k=0
∑∞
n=0 ck ·γn,keλnw =
∑∞
n=0
∑∞
k=0 ckγn,keλnw
as asserted. We now justify the interchange of order of summation by an application of Fubini’s theorem. We need only
show that
∑∞
k=0
∑∞
n=0 |ck| · |γn,k| · |eλnw| < ∞ for all w in an arbitrary compact subset of C. To this end, recall that
γn,k ≡ wn/[α(λ˜k)(λn − λ˜k)j (λ˜k)] where j (λ˜k) is the smallest integer j  1 with α(λ˜k) =∑∞r=0 wn/(λn − λ˜k)j = 0.
However, |R(z)|  δ > 0 for all z in the annulus A(w0, r1, r2) which contains each λ˜k . In particular, |R(λ˜k)|  δ
and so 0 = R(λ˜k) =∑∞n=0 wn/(λn − λ˜k). Hence j (λ˜k) ≡ 1 for all k  1 and so α(λ˜k) =
∑∞
r=0 wn/(λn − λ˜k)j (λ˜k) =∑∞
r=0 wn/(λn − λ˜k) = R(λ˜k). In particular, |α(λ˜k)| = |R(λ˜k)| δ for all k  1. Since |λn −w0|  and |λ˜k −w0|
r < r2 < , |λn − λ˜k|  − r for all n and k. Hence |γn,k| = |wn/[α(λ˜k)(λn − λ˜k)j (λ˜k)]| = |wn/[α(λ˜k)(λn − λ˜k)|
|wn|/(δ( − r)). Since lim sup|wn|1/n = 0 and {λn/n: n  1} is bounded, it follows that ∑∞n=0 |γn,k| · |eλnw| is
bounded above on each compact subset of C by a constant independent of k. Since {ck} is in 1, it follows that∑∞
k=0
∑∞
n=0 |ck| · |γn,k| · |eλnw| < ∞ for all w in an arbitrary compact subset of C. Thus the interchange of order of
summation in the computation above is justified by an application of Fubini’s theorem.
Define bn ≡ ∑∞k=0 ck · γn,k for all n  0. We have that lim sup|bj |1/j  lim sup{
∑∞
k=0 |ck| · |γj,k|}1/j 
lim sup{∑∞k=0 |ck| · |wj |/(δ( − r))}1/j = lim sup|wj |1/j = 0 and so the series
∑∞
n=0{
∑∞
k=0 ckγn,k}eλnw =∑∞
n=0 bneλnw converges on the complex plane to the entire function f (w).
Conversely, suppose that every entire function of exponential type less than τ is representable in the form∑∞
n=0 bneλnz on C where lim sup|bn|1/n = 0. In particular, there exist coefficients {bn} for which 1 =
∑∞
n=0 bneλnz on
C where lim sup|bn|1/n = 0. We have by the Dominated Convergence Theorem that ∑∞n=0 bneλnz =∑∞
k=0 zk(
∑∞
n=0 bnλkn)/k!, and so 0 ≡ (d/dz)1 = (d/dz)
∑∞
k=0 zk(
∑∞
n=0 bnλkn)/k! =
∑∞
j=0 zj (
∑∞
n=0 bnλ
j+1
n )/j !.
Hence
∑∞
n=0(bn · λn)λkn ≡ 0 for all k  0 where lim sup|bnλn|1/n = 0 and so D fails spectral synthesis by Theo-
rem 1(iv). 
We now prove an analogue of Theorem 5 for cyclic diagonal operators D acting on a spaceH(B(0,R)) of functions
analytic on a disk. If such an operator D fails spectral synthesis, then there always exists a nontrivial sequence for
which 0 ≡∑∞n=0 wnλkn for all k  0 and lim sup|wn|1/n < 1 by Theorem 2(iv). In this case, we show below that for
every entire function f of a particular growth rate, there exist coefficients {bn} for which f (z) =∑∞n=0 bneλnz on a
non-empty open ball B(0, ) containing the origin. The radius  depends only on {wn} and {λn}, but not f . This result
is not as strong as Theorem 5 in which we conclude that equality holds on all of C.
Theorem 6. Let D be a cyclic diagonal operator on H(B(0,R)) failing spectral synthesis whose eigenvalues
{λn: n  0} are such that {λn} = C and {λn/n: n  1} is bounded and let {wn} be any nontrivial sequence for
which 0 ≡∑∞n=0 wnλkn for all k  0 and lim sup|wn|1/n < 1. Define τ to be the supremum of the radii of all open
balls contained in {λn}c. Then for every entire function f of exponential type less than τ , there exists a sequence
{bn} of complex numbers for which f (z) =∑∞n=0 bneλnz on B(0, ) where lim sup|bn|1/n = lim sup|wn|1/n < 1 and
 ≡ [ln(1/ lim sup|wn|1/n)]/[sup{|λn|/n}].
Proof. Let f be an arbitrary entire function of exponential type τf less than τ . By definition of τ , there exists a
complex number w0 and positive number ˆ > τf such that the closure of the open ball B(w0, ˆ) with center w0 and
radius ˆ is in ( {λn} )c, the complement of the closure of {λn}. The function R(z) ≡∑∞n=0 wn/(λn − z) is analytic on
B(w0, ˆ). By means of contradiction, assume that R(z) ≡ 0 on B(w0, ˆ). Then R(j)(z) ≡ 0 on B(w0, ˆ) for all j  0.
In particular, 0 ≡ R(j)(w0) =∑∞n=0[wn/(λn − w0)]/(λn − w0)j for all j  0. Hence the diagonal operator T having
bounded eigenvalues {1/(λn −w0)} fails spectral synthesis by Theorem 2(iv), contradicting Corollary 1 of [2]. Hence
R(z) is not identically zero on B(w0, ˆ) and so has at most countably many zeros in B(w0, ˆ). In view of which, there
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there exist positive constants r1 and r2 with 0 < r1 < r < r2 < ˆ for which inf{|R(z)|: r1  |z| r2} ≡ δ > 0.
Let {λ˜k} be any sequence of distinct complex numbers in the annulus A(w0, r1, r) with center w0 having in-
ner radius r1 and outer radius r whose non-tangential cluster set contains almost all points of the circle ∂B(w0, r)
and which accumulate only on ∂B(w0, r). Define λˆk ≡ (λ˜k − w0)/r for all k  0. Then the sequence {λˆk} has no
limit points in the open ball B(0,1) and has non-tangential cluster set containing almost all points of the unit circle
∂B(0,1). Hence by [1, Theorem 3(iv), p. 167 and Corollary 1, p. 176], for every entire function F of exponential
type less than one, there exist coefficients {an} ∈ 1 for which F(z) ≡∑∞n=0 aneλˆkz on C. Since f is an entire func-
tion of exponential type τf < r,F (z) ≡ e−w0/rf (z/r) is an entire of exponential type less than one. Hence there
exist coefficients {ck} ∈ 1 for which F(z) =∑∞k=0 ckeλˆkz on C. That is, e−w0/rf (z/r) = F(z) =
∑∞
k=0 ckeλˆkz =∑∞
k=0 cke(λ˜k−w0)z/r = e−w0/r
∑∞
k=0 ckeλ˜kz/r on C whence f (w) =
∑∞
k=0 ckeλ˜kw on C.
Since {λn/n: n  1} is bounded, we have by Theorem 4 that for each k  0, eλ˜kz =∑∞n=0 γn,keλnz on B(0, )
where lim sup|γn,k|1/n = lim sup|wn|1/n. Formally interchanging the order of summation, we see that f (w) =
∑∞
k=0 ckeλ˜kw =
∑∞
k=0
∑∞
n=0 ck · γn,keλnw =
∑∞
n=0{
∑∞
k=0 ckγn,k}eλnw. We now justify the interchange of order of
summation by an application of Fubini’s theorem. We need only show that
∑∞
k=0
∑∞
n=0 |ck| · |γn,k| · |eλnw| < ∞
for all w in an arbitrary compact subset of B(0, ). To this end, recall from the proof of Theorem 4 that γn,k ≡
wn/[α(λ˜k)(λn − λ˜k)j (λ˜k)] where j (λ˜k) is the smallest integer j  1 for which α(λ˜k) =∑∞r=0 wn/(λn − λ˜k)j = 0.
However, |R(z)|  δ > 0 for all z in the annulus A(w0, r1, r2) which contains each λ˜k . In particular, |R(λ˜k)|  δ
and so 0 = R(λ˜k) =∑∞n=0 wn/(λn − λ˜k). Hence j (λ˜k) ≡ 1 for all k  1 and so α(λ˜k) =
∑∞
r=0 wn/(λn − λ˜k)j (λ˜k) =∑∞
r=0 wn/(λn − λ˜k) = R(λ˜k). In particular, |α(λ˜k)| = |R(λ˜k)| δ for all k  1. Since |λn −w0| ˆ and |λ˜k −w0|
r < r2 < ˆ, |λn − λ˜k| ˆ − r for all n and k. Hence |γn,k| = |wn/[α(λ˜k)(λn − λ˜k)j (λ˜k)]| = |wn/[α(λ˜k)(λn − λ˜k)|
|wn|/(δ(ˆ − r)). Since lim sup|wn|1/n < 1 and {λn/n: n  1} is bounded, it follows using the definition of  that∑∞
n=0 |γn,k| · |eλnw| is bounded above on each compact subset of B(0, ) by a constant independent of k. Since {ck}
is in 1, it follows that
∑∞
k=0
∑∞
n=0 |ck| · |γn,k| · |eλnw| < ∞ for all w in an arbitrary compact subset of B(0, ). Thus
the interchange of order of summation in the computation above is justified by an application of Fubini’s theorem.
Define bn ≡ ∑∞k=0 ck · γn,k for all n  0. Then we have that lim sup|bj |1/j  lim sup{
∑∞
k=0 |ck||γj,k|}1/j 
lim sup{∑∞k=0 |ck||wj |/(δ(ˆ − r))}1/j = lim sup|wj |1/j < 1 and so the series
∑∞
n=0{ck
∑∞
k=0 γn,k}eλnw =∑∞
n=0 bneλnw converges on B(0, ) to the entire function f (w). The result follows. 
The following result concerns the converse to the preceding theorem.
Theorem 7. Let D be a cyclic diagonal operator onH(B(0,R)) whose eigenvalues {λn} are such that {λn/n: n 1}
is bounded and {λn} = C. Define τ to be the supremum of the radii of all open balls contained in ( {λn} )c . If for every
entire function f of exponential type less than τ , there exists coefficients {bn} such that f (z) =∑∞n=0 bneλnz on some
non-empty open ball B(0, r), then D fails spectral synthesis.
Proof. By hypothesis, there exist coefficients {bn} with lim sup|bn|1/n < 1 for which 1 ≡∑∞n=0 bneλnz on some non-
empty open ball B(0, r). By the Dominated Convergence Theorem, we have
∑∞
n=0 bneλnz =
∑∞
k=0 zk(
∑∞
n=0 bnλkn)/k!
whenever |z| < [ln(1/ lim sup|bn|1/n)]/ sup(|λn|/n), and so 0 ≡ (d/dz)1 = (d/dz)∑∞k=0 zk(
∑∞
n=0 bnλkn)/k! =∑∞
j=0 zj (
∑∞
n=0 bnλ
j+1
n )/j ! on some open ball containing the origin. Hence we have that∑∞n=0(bn · λn)λkn ≡ 0 for all
k  0 where lim sup|bnλn|1/n = lim sup|bn|1/n < 1 and so D fails spectral synthesis by Theorem 2(iv). 
4. A synopsis of results
In this paper, we have discussed spectral synthesis of cyclic diagonal operators in three distinct, but related, settings,
namely on the spaceH(C) of entire functions, on the spaceH(B(0,R)) of functions analytic on a disk in the complex
plane, and on a Hilbert space H. In each case, the operator D has a fixed set of eigenvectors whose associated
eigenvalues {λn} are assumed to be distinct. The continuity of such a diagonal operator D in each setting imposes a
growth conditions on its eigenvalues. In particular, D is continuous on H(C) if and only if lim sup|λn|1/n < ∞ while
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Spaces Results
D continuous if and only if D fails spectral synthesis if
and only if 0 =∑wnλkn
D fails spectral synthesis if
and only if f (z) =∑bneλnz
H(C) lim sup|λn|1/n < ∞ lim sup|wn|1/n = 0 lim sup|bn|1/n = 0
H(B(0,R)) lim sup|λn|1/n  1 lim sup|wn|1/n < 1 lim sup|bn|1/n < 1
HilbertH {λn} bounded ∑ |wn| < ∞ ∑ |bn| < ∞
D is continuous on H(B(0,R)) if and only if lim sup|λn|1/n  1, and D is continuous on H if and only if {λn} is
bounded.
Further, it is known that a cyclic diagonal operator D having eigenvalues {λn} fails spectral synthesis if and only if
there exists a nontrivial sequence {wn} of complex numbers for which 0 ≡∑∞n=0 wnλkn for all k  0. The exact rate of
decay of the coefficients is determined by the space upon which D is acting. In particular, D fails spectral synthesis
on H(C) if and only if 0 ≡∑∞n=0 wnλkn for all k  0 where lim sup|wn|1/n = 0, while D fails spectral synthesis on
H(B(0,R)) if and only if 0 ≡∑∞n=0 wnλkn for all k  0 where lim sup|wn|1/n < 1, and D fails spectral synthesis on
H if and only if 0 ≡∑∞n=0 wnλkn for all k  0 where
∑∞
n=0 |wn| < ∞. The existence of cyclic diagonal operators
on a Hilbert space which fail spectral synthesis follows from an example due to Wolff. However, it is worth noting
that although Makarov has shown that for every sequence {λn} of distinct complex numbers with lim|λn| = ∞, there
exists a sequence {wn} of complex numbers for which 0 ≡∑∞n=0 wnλkn and 0 <
∑∞
n=0 |wn| · |λn|k < ∞ for all k  0
(see Nikol’ski˘i [4, Comment (vi), p. 128]), there are yet no known examples of cyclic diagonal operators on either
H(C) or H(B(0,R)) which fail spectral synthesis.
In this paper, we have shown that under mild conditions, a cyclic diagonal operator D fails spectral synthesis
if and only if every entire function f of a particular growth rate is representable as a generalized Dirichlet series
f (z) ≡∑∞n=0 bneλnz. Again, the rate of decay of the coefficients is determined by the space upon which D acts.
In particular, D fails synthesis on H(C) if and only if every entire function f of a particular growth rate is given
by f (z) ≡∑∞n=0 bneλnz on C where lim sup|bn|1/n = 0, while D fails synthesis on H(B(0,R)) if and only if every
entire function f of a particular growth rate is given by f (z) ≡∑∞n=0 bneλnz on some non-empty open ball containing
the origin where lim sup|bn|1/n < 1, and D fails synthesis on H if and only if every entire function f of a particular
growth rate is given by f (z) ≡∑∞n=0 bneλnz on C where
∑∞
n=0 |bn| < ∞.
Table 1 is a synopsis of many of the results discussed in this paper.
The result concerning the representation of entire functions as Dirichlet series requires that {λn/n: n  1} be
bounded and that {λn} = C for the spacesH(C) andH(B(0,R)), but not for a Hilbert spaceH. In the setting ofH(C)
and of H(B(0,R)), we can represent any entire f (z) of order at most one and type less than α (the supremum of
the radii of the largest ball contained in the complement of the closure of the λn). For H(C), the expansion f (z) =∑
bne
λnz holds on C, while for H(B(0,R)), this expansion holds on some ball containing the origin. On H, we can
represent any entire function f (z) of order at most one regardless of its type, and f (z) =∑bneλnz holds on C.
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